A well-known theorem of Shelah asserts that a theory has OP (the order property) if and only if it has IP (the independence property) or SOP (the strict order property). We give a mild strengthening of Shelah's theorem for classical logic and a generalization of his theorem for continuous logic.
Introduction
In [12] , Shelah introduced the strict order property as complementary to the independence property: a theory has OP iff it has IP or SOP. In [6] , it is shown that there is a correspondence between Shelah's theorem above and the well known compactness theorem of Eberlein andŠmulian. In this paper we will have a more detailed study of the strict order property for both classical logic and continuous logic (see [2] ). We prove a mild strengthening of Shelah's theorem for classical logic and a generalization of Shelah's theorem for continuous logic. To be more precise, in classical logic, we prove that OP and a weak local form of NIP imply SOP (see Theorem 2.17 below) and in continuous logic we introduce a continuous version of the strict order property, and prove a generalization of Shelah's theorem for this logic (see 3.11) .
The results and observations are as follows: For model theorists, our most important results in this paper are (iii) and maybe (iv) below (and maybe (i)). For Banach space theorists, our most important result is (v). (For us, (i)-(v) are important.) (i) We give an equivalence of NSOP; a (classical) first order theory has not the strict order property if and only if for any formula φ(x, y) and any sequence (a n ) n<ω , if for each element b in the monster model U there is an eventual truth value of (φ(b, a n )) n<ω , then there is a formula ψ(x) of finite combinations of (φ(x, a n )) n<ω such that the eventual value of (φ(b, a n )) n<ω is the value of ψ(b), for all b ∈ U.
(ii) We explain that NSOP is maximal in a topological sense. We define the notion φ(x, y) has NSOP (not the strict order property) in M, where M is a model, and give some observations.
(iii) We prove a mild strengthening of Shelah's theorem in classical logic, namely if a formula φ(x, y) is OP and NIP in a model M of a theory T , then T is SOP. This means that OP and NIP in a "model" imply SOP for the "theory".
(iv) We introduce a continuous version of the strict order property for continuous logic, denoted by wSOP, and prove a generalization of Shelah's theorem for this logic, i.e. a continuous theory is unstable iff it is IP and wSOP.
(v) Finally, as an application, we show that the Tsirelson space has wSOP. We will be announcing an even stronger achievement, namely the theory of Tsirelson space has SOP.
SOP in Classical Logic

A characterization of NSOP
We need to recall a result of [6] . First, we recall some notions and notations. Let φ(x, y) be a formula, T a complete theory and U a monster model of T . The space of φ-types on U in the variable x is denoted by S φ (U). For each element a, we define the continuous function φ(x, a) : S φ (U) → {0, 1}, which takes p ∈ S φ (U) to 1 if φ(x, a) ∈ p and to 0 if φ(x, a) / ∈ p. Let A = {φ(x, a) : a ∈ U}. We note that the set A defines a Banach space with the uniform norm as follows. For functions φ(x, a), φ(x, b), we define φ(p, a) + φ(p, b) = 1 iff φ(x, a) ∨ φ(x, b) ∈ p, −φ(x, a) = 1 iff ¬φ(x, a) ∈ p, and for each r ∈ R, r · φ(x, a) = φ(x, a) if r > 0, r · φ(x, a) = ¬φ(x, a) if r < 0, and r · φ(x, a) = 0 if r = 0. Define φ(x, a) = sup p φ(p, a). With this structure, A defines a normed linear space. We let V be the Banach space generated by this space. Now we recall the following characterization of NSOP.
Fact 2.1. Suppose that T is a theory. Then the following are equivalent:
(ii) For each indiscernible sequence (a n ) n<ω and formula φ(x, y), if the sequence (φ(x, a n )) n<ω pointwise converges on S φ (U), then its limit is continuous.
(iii) The condition (ii) holds for arbitrary sequence (a n ) n<ω .
Proof. By Proposition 4.6 of [6], (i)⇔(ii). (iii) implies (ii), immediate. For (ii) implies (iii)
, use the key lemma 2.15 below.
Now we recall the Mazur's lemma:
Fact 2.2 (Mazur's Lemma). Let V be a Banach space and let (x n ) be a sequence in V that converse weakly to x. Then there is a sequence (v n ) of convex combinations of (x n ) such that v n − x → 0.
Remark 2.3. (i) Note that for continuous functions on compact spaces, weakly convergence and poinwise convergence are the same (see [4] , Proposition 462E).
(ii) If {0, 1}-valued functions φ(x, a n ) converges uniformly to a function ψ(x), then for some n, φ(x, a i ) = ψ(x) for all i ≥ n.
(iii) For {0, 1}-valued functions φ(x, a), convex combinations and Boolean combinations are the same.
Remark 2.4. Let φ(x, y) be a formula, T a complet theory, M a small model of T , and U a monster model. Suppose that (a n ) is a sequence in M. Then the following are equivalent:
(i) For all b ∈ U, the value of φ(b, a n ) is eventually constant.
(ii) The sequence φ(x, a n ) : S φ (U) → {0, 1} pointwise converges.
(iii) The sequence φ(x, a n ) : S φ (M) → {0, 1} pointwise converges.
Proof.
(ii)⇔(iii): Note that for each q ∈ S φ (U), q ↾ M ∈ S φ (M) and φ(q, a n ) = φ(q ↾ M , a n ) since a n ∈ M. Conversely, for each p ∈ S φ (M) there is some q ∈ S φ (U) such that p ⊂ q, and so φ(p, a n ) = φ(q, a n ) since a n ∈ M.
If not, there is some b ∈ U such that, φ(b, a n ) diverges. So the set A = {φ(x, a n ) = φ(b, a n ) : n < ω} is consistent. Let p ∈ S φ (M) such that A ⊂ p. Then φ(p, a n ) diverges, a contradiction. Now we are ready to translate the above characterization of NSOP.
Proposition 2.5. Suppose that T is a theory. Then the following are equivalent:
(i) T is NSOP.
(ii) For any formula φ(x, y) and any sequence (a n : n < ω), if for each element b ∈ U there is an eventual truth value of (φ(b, a n ) : n < ω), then there is a formula ψ(x) of finite combinations of (φ(x, a n ) : n < ω) such that the eventual value of (φ(b, a n ) :
Proof. (i) ⇒ (ii): Suppose that φ(x, y) is a formula and (a n : n < ω) an indiscernible sequence (by Fact 2.1) such that for each element b ∈ U there is an eventual truth value of (φ(b, a n ) : n < ω). (Note that, by Remark 2.4, this implies (φ(x, a n ) : n < ω) is convergent on S φ (U).) By Fact 2.1, there is a continuous function ψ(x) on S φ (U) such that for each b ∈ U, the truth value of (φ(b, a n ) : n < ω) is eventually ψ(b). Now, By Mazur's lemma, a sequence of finite combinations of φ(x, a n )'s converges uniformly to ψ. Since, the classical logic is {0, 1}-valued, this means that this sequence is eventually constant, i.e. ψ is a finite combinations of φ(x, a n )'s. 
NSOP in a model
In [7] , the notions 'OP in a model' and 'IP in a model' were studied. We can define a notion of 'NSOP in a model'. Of course, one should not expect this notion to be complementary to the 'NIP in a model'.
(ii) Let A be a set of l(y)-tuples from M. Then φ(x, y) has SOP in A if there is a countably infinite sequence (a i : i < ω) of elements of A which is an SOP -witness for φ(x, y).
Remark 2.7. (i) φ has NSOP for the theory T iff it has NSOP in every model M of T iff it has NSOP in some model M of T in which all types over the empty set in countably many variables are realised.
(ii) If φ(x, y) has SOP in some model M of T , then there arbitrarily long SOP -witnesses for φ (of course in different models).
Example 2.8. A formula can be both NIP and NSOP in a model, but still unstable. Indeed, consider Example 4.5 of [6] . In that example, all monotone sequences are eventually constant, so it has NSOP. Moreover, all sequences have convergent subsequence, so it is NIP. But, the formula (function) f in the closure is not continuous, and so the model has OP. This example emphasizes that ω-saturation is necessary to prove Shelah's theorem, and 'NSOP in a model' and the 'weak sequential completeness' are not the same, in general (i.e. without ω-saturation). Although the model is NSOP but we will shortly see that its theory is SOP (see 2.17 below).
Fact 2.9. Let φ(x, y) be a formula, T a theory, and M a model of T in which all types over the empty set in countably many variables are realised. Then the following are equivalent:
Proof. Immediate.
In [9] Pillay developed a theory of the notion NOP relative to a set or model, using it to prove that if M is a countable model of a countable theory, and every formula has not the order property in M then the complete diagram of M has infinitely many countable models. As seen above, the notion NSOP in a model is weaker than NSOP. This suggests that a more accurate analysis can be done using this concept. To summarize, these studies provide a new view on the related subjects, and open some fruitful areas of research on similar questions.
Local Properties imply a global property
In this subsection we show that OP and NIP in a 'model' imply SOP in its 'theory'. As NIP in a model is weaker than NIP in a theory (see [7] ), the theorem 2.17 below is a a mild strengthening of Shelah's theorem. First we recall the notions "OP in a model" and "IP in a model". Definition 2.10 (OP in a model). Let φ(x, y) be an L-formula, M an L-structure, and M * a saturated elementary extension of M. We say that a formula φ(x, y) has OP (the order property) in M if any of the following cases holds.
Definition 2.11 (IP in a model). Let φ(x, y) be an L-formula, M an L-structure, and M * a saturated elementary extension of M. We say that a formula φ(x, y) has IP (the order property) in M if any of the following cases holds. (i) There is a countably infinite sequence (a i : i < ω) of elements of M such that for all finite disjoint subsets I, J of κ, M |= ∃y( α∈I φ(a α , y) ∧ β∈J ¬φ(a β , y)).
(ii) There is a countably infinite sequence (a i : i < ω) of elements of M such that for all
Remark 2.12. Suppose that X is a property, such as OP, IP and SOP. It is obvious that "X in a model" is stronger than X (for theory) where X is the standard meaning of OP, SOP, or NIP. Converse, NOT X (or NX) is stronger than NOT "X in a model".
Now we need some lemmas.
Lemma 2.13. Let X be a compact Hausdorff space and {f n : X → {0, 1}} a sequence of continuous functions on X. Then the following are equivalent: (i) {f n } pointwise converges.
(ii) For each infinite and co-infinite subset I ⊆ N, there are finite subsets E ⊆ I and F ⊆ N \ I such that
Proof. Easy! Corollary 2.14. Let φ(x, y) be a formula and M be a model. Suppose that (a n ) is a sequence in M. Then the following are equivalent:
(i) φ(a n , y) : Sφ(M) → {0, 1} pointwise converges; equivalently, for each b (in the monster model) the value of φ(a n , b) is eventually constant.
(ii) For each infinite and co-infinite subset I ⊆ N, there are finite subsets E ⊆ I and F ⊆ N \ I such that |= ¬ ∃y n∈E φ(a n , y) ∧ n∈F ¬φ(a n , y) .
The following is a key result.
Lemma 2.15 (Key Lemma). Let φ(x, y) be a formula and M a small model of a complete theory T . Suppose that (a n ) is a sequence in M such that for all b (in the monster model) the value φ(a n , b) is eventually constant. Suppose that there is a sequence (b n ) (in the monster model) such that φ(a n , b m ) holds iff n < m < ω. Then there is an indiscernible sequence (c n ) (in the monster model) and a sequence (d n ) (in the monster model) such that for all b (in the monster model) the value of φ(c n , b) is eventually constant AND φ(c n , d m ) holds iff n < m < ω. (This means that for all b the sequence φ(c n , b) converges BUT it has order.)
Proof. By assumptions, the key lemma and the Erdős-Rado theorem (Lemma 1.1.5 of [8] ), it is easy to check that the above property is a type with countable variables, i.e. it is expressible and consistent. (Note that, by the Erdős-Rado theorem, if (c n ) is an indiscernible sequence such that for each n, tp(c 1 , . . . , c n ) = tp(a i 1 , . . . , a in ) for some i 1 , . . . , i n , then the sequence φ(c n , y) converges. If not, suppose that there is some b such that φ(c n , b) = 0 iff n = 2k for k ∈ N. So, for each n < ω, there is some e n ∈ Sφ(M) such that φ(a in , e n ) = 0 iff n = 2k. Let e be a cluster point of {e n } n<ω in Sφ(M). Then it is easy to check that φ(a n , e) diverges, a contradiction.)
To emphasize more, we recall the notion of "SOP for a theory" which is obviously weaker than the notion "SOP in a model" above.
Definition 2.16 (SOP for a theory). Let φ(x, y) be an L-formula, and T a complete theory. We say that φ(x, y) has SOP (the strict order property) for T if there is (b n : n < ω) (in the monster model) such that |= ∃y(φ(a n , y) ∧ ¬φ(a m , y)) iff m < n. Now we present the main result. Proof. By the key lemma 2.15, we can assume that (a n ) is indiscernible. Since φ is NIP in M and (a i ) is indiscernible, the sequence φ(a i , y) : S φ (M) → {0, 1} (pointwise) converges to a function ψ(y) : S φ (M) → {0, 1}, but ψ is not continuous, since φ has the order property. Since (a i ) ∈ M, it is easy to check that the sequence φ(a i , y) : S φ (U) → {0, 1} (pointwise) converges to a function ψ ′ (y) : S φ (U) → {0, 1} and ψ ′ is not continuous. Now, by Fact 2.1, T has the SOP. Proof. Since the number of coheirs is 2 ℵ 0 , so φ is NIP in M (see [7] , Corollary 2.2). Therefore, by the above observation, the proof is completed.
In the above observation, it is desirable that one removes countability of M. For this, we needs a converse to Proposition 2.3 of [7] . Fact 2.20. Let φ(x, y) be a formula and A a set where has cardinality at most κ. Then the following are equivalent:
(i) φ(x, y) has NIP in A.
(ii) For each B ⊆ A, the cardinality of the set of p(x) ∈ S φ (M * ) such that p is finitely satisfiable in B is at most 2 |B| .
Proof. (i) implies (ii), by Proposition 2.3 in [7] . (ii) implies (i), by Corollary 2.2 in [7] for countable subsets B.
By the above observation, one give a generalization of Corollary 2.19 above: Suppose that M is an arbitrary model of a complete theory T and φ(x, y) a formula. Suppose that there is some indiscernible sequence (a i ) in M and a sequence (b N ) (in some model) such that φ(a i , b N ) holds if and only if i < N. If for each subset A ⊂ M, the number of coheirs of φ-types over A is 2 |A| , then T is SOP.
Topological maximality of NSOP
In this subsection we have a philosophical approach to SOP. In [12] , Shelah introduced the strict order property as complementary to the independence property: a theory has OP iff it has IP or SOP. Recall that a theory has the strict order property (SOP) if there are a formula φ(x, a) and a sequence (a i ), such that |= ∃x(¬φ(x, a i ) ∧ φ(x, a j )) iff i < j.
In [6] , it is shown that there is a correspondence between Shelah's theorem above and the well known compactness theorem of Eberlein andŠmulian. On the other hand, there are many first order properties weaker than SOP, including SOP n (n ≥ 2) and simplicity, such that OP implies IP or one of those properties. This introduces a natural question:
Question: Is there a new first order property X of formulas such that the followings hold?
(1) X implies SOP, and (2) OP implies IP or X.
Someone may suggest X=SOP∩NTP 2 , but this is not our desirable property, for two reasons. First, if a formula φ has OP and NIP, then a finite combination ψ of φ, ¬φ has SOP, and clearly ψ has NIP, so the property X does not have any additional information. In fact, such the property X must be 'orthogonal' to IP. We say that a property X is orthogonal to IP if whenever Y is a property of formulas such that NIP implies Y , then X does not imply Y . Second, we want to study properties of formulas but not theories. We have to pay attention to the fact that the model theoretic properties of formulas, such as OP, SOP, IP, ..., have a 'negative nature' or 'bad nature'. In fact their negation, i.e. NOP, NSOP, NIP, ..., are 'good' and 'desirable' but they are not 'expressible' in the sense that there is no a set of formulas (or a type) p such that a theory T is stable iff p ∪ T is consistent. When we speak of a property X we mean an expressible property. So OP, SOP, IP, ... are properties of formulas, but NOP, NSOP, NIP, ... are not (these are just the properties of theories). To summarize, SOP∩NTP 2 is not a property of formulas (similarly for NSOP∩NIP, ...).
On the other hand, note that the proof of Shelah's theorem have a negative nature; he did not show that NIP and NSOP imply NOP, but OP implies IP or SOP. As we mentioned earlier, there is a correspondence between this theorem of Shelah and a well known theorem in functional analysis, namely the Eberlein-Šmulian theorem. Contrary to Shelah's theorem, the Eberlein-Šmulian theorem has a 'positive' nature; a set of functions has a compactness property iff two 'positive' properties hold. These two positive properties correspond to NIP and NSOP in model theory. We will show that, in the sense of topology, there is no such property X. Roughly the SOP is maximal in this sense.
Now we discuss why there should not be a property X stronger, in the sense of topology, than SOP such that OP implies IP or X. In fact we show that NSOP is the weakest (topological) property in which with NIP implies NOP. We recall the Eberlein-Šmulian theorem: (i) every sequence of A has a convergent subsequence, (ii) the limit of every convergent sequence of A is continuous.
In [6] we show that (i) corresponds to NIP and (ii) corresponds to NSOP. Also, Proposition 2.5 above shows that (ii) corresponds to NSOP. Notice that relative compactness of A corresponds to stability, by a criterion due to Eberlein and Grothendieck (see [6] , Fact 2.9). So, it suffices to show that (ii) is the weakest property such that (i) and (ii) imply relative compactness. (Clearly, (i) and (ii) imply relative compactness of A, i.e. they are sufficient conditions.) Suppose that (i) holds, then one can easily see that the conditions (ii) is necessary. To summarize, SOP is the maximal 'topological' property satisfies in (1) and (2). Question 2.22. Is SOP maximal in the sense of model theory? By the above discussion we know that if X is a property stronger than SOP, then X and SOP are the same in the sense of topology, i.e. weak sequential completeness. But we did not answer to the main question: indeed there may be a 'model theoretic' property X stronger than SOP, although X=SOP in the sense of 'topology'.
SOP in Continuous Logic
In this section we assume that the reader is familiar with continuous logic from [2] and [3] . We introduce a notion of 'strict order property' for continuous logic as a complimentary to NIP: a theory has OP iff it has IP or SOP. We note that the usual translation of SOP in classical logic to continuous logic is not the 'suitable' notion, because it doese not seem that anyone can prove the Shaleh theorem above. We say that the theory T has SOP if a formula φ(x, y) has SOP.
(ii) We say a theory T has the weak strict order property (wSOP) if there are a formula φ(x, y) and ǫ > 0 such that for each natural number n there are a formula ψ n (x, y) (of combination of instances φ(x, a)) and an indiscernible sequence (a i ) i<ω and arbitrary sequence (b i ) i<ω such that for all b ∈ U, the sequence ψ n (b, a i ) has an eventual value and for all i < j,
In this case, we say the formula φ(x, y) makes the weak strict order property (or makes wSOP).
(iii) We say a formula φ(x, y) has not the weak sequential completeness property (NSCP) if there exists an indiscernible sequence (a i ) i<ω , an arbitrary sequence (b i ) i<ω and ǫ > 0 such that for all b ∈ U, the sequence φ(b, a i ) has an eventual value and for all i < j, φ(b j , a i ) + ǫ < φ(b i , a j ). We say that a theory T has NSCP if a formula φ(x, y) has NSCP.
The acronym SOP (wSOP) stands for the (weak) strict order property and NSOP (NwSOP) is its negation. The acronym SCP stands for the negation of NSCP. (ii) We will see shortly that OP implies IP or wSOP, but we could not prove that OP implies IP or SOP. The reason for this is that the usual argument of the proof of Shelah's theorem does no hold for non-discrete-valued logics. So we believe that the correct notion of strict order property for continuous logic is wSOP.
(iii) We note that every formula of the form ψ(y 1 , y 2 ) = sup x (φ(x, y 1 ) . − φ(x, y 2 )) defines a continuous pre-ordering (see Question 4.14 of [1] for the definition), in analogy with formulae of the form ψ(y 1 , y 2 ) = ∀x(φ(x, y 1 ) → φ(x, y 2 )) in classical logic. It is easy to see that for a theory T (in continuous logic), some formula has SOP if and only if there is a formula in T defining a pre-order (in the sense of [1] ) with infinite chains.
(iv) In the definitions of NSCP and NwSOP we supposed that the sequence are eventually constant. The reason for this is that we want the sequence φ(x, a i ) : S φ (U) → {0, 1} converges. In the definition of SOP, since the sequence φ(U, a i ) is increasing, this requirement is guaranteed.
(v) Note that contrary to SOP, the property NSCP is not an 'expressible' property of formulas. In fact this property is from functional analysis: a Banach space X is called weakly sequentially complete if every weak Cauchy sequence has a weak limit. Because of the importance of this concept, we reiterate it. Definition 3.5. (i) Let X be a topological space and F ⊆ C(X). We say that F has the weak sequential completeness property (or short SCP) if the limit of each pointwise convergent sequence {f n } ⊆ F is continuous.
(ii) We say that a (bounded) family F of real-valued function on a set X has the relative sequential compactness in R X (short RSC) if every sequence in F has a pointwise convergent subsequence in R X .
The next result is another application of the Eberlein-Grothendieck criterion:
Fact 3.6. Let X be a compact space and A ⊆ C(X) be bounded. Then A is relatively weakly compact in C(X) iff it has RSC and SCP. 
